
MNRAS 530, 2840–2851 (2024) https://doi.org/10.1093/mnras/stae1030 
Advance Access publication 2024 April 16 

Using ZDI maps to determine magnetic forces and torques at the 

photospheres of early-type stars 

James MacDonald , 1 ‹ Tali Natan, 1 V ́eronique Petit , 1 Oleg Kochukhov 

2 and Matthew E. Shultz 

1 

1 Department of Physics and Astronomy, University of Delaware, Newark, DE 19716, USA 

2 Department of Physics and Astronomy, Uppsala University, Box 516, SE-751 20 Uppsala, Sweden 

Accepted 2024 April 12. Received 2024 April 9; in original form 2024 January 15 

A B S T R A C T 

We use the magnetic field components measured by Zeeman Doppler imaging (ZDI) to calculate the stellar surface force and 

torque due to magnetic stresses for the fast rotators σ Ori E, 36 Lyn, and CU Vir, and the slow rotator τ Sco. If we assume the 
stars have spherical photospheres, the estimated torques gi ve spin-do wn time-scales no larger than 7 × 10 

5 yr. For σ Ori E, the 
predicted spin-down time-scale, � 6000 yr, is much less than the observationally measured time-scale of � 10 

6 yr. However, 
for CU Vir, we find that the spin-down time-scale from its ZDI map is 7 × 10 

5 yr in good agreement with its average rate of 
spin-down from 1960 to 2010. 

With the exception of τ Sco, the net force due to magnetic stresses at the stellar surface are large compared to the surface- 
integrated pressure. We discuss possible reasons for the large values of the forces (and torques), and suggest that the likely 

explanation is that rotation and the magnetic stresses create significant departures from spherical symmetry. 

Key words: stars: early-type – stars: magnetic field – stars: rotation. 
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 I N T RO D U C T I O N  

pectroscopic measurements show that most massive main sequence
tars are fast rotators, whereas low-mass main sequence stars of
pectral type later than F5 rotate slowly (Slettebak 1955 ). Rotation
eriod measurements with the Kepler satellite show that the transition
rom fast to slow rotation occurs in the spectral type range F2–
5 (Nielsen et al. 2013 ). Schatzman ( 1962 ) proposed the widely
ccepted explanation that this dichotomy is due to the low-mass
tars having dynamo-generated magnetic fields that force their stellar
inds to corotate out to a critical Alfv ́en radius, which results

n angular momentum loss rates that lead to slow rotation. In
ontrast, ev en though the y hav e powerful winds, most massive stars
o not have magnetic fields strong enough for significant angular
omentum loss during their short lifetimes. Ho we ver, a fe w per cent

f massive stars do have strong surface magnetic fields (Donati &
andstreet 2009 ; Grunhut et al. 2017 ), detected by Zeeman splitting
nd spectropolarimetric observations. 

Consistent with the expectation that a magnetically trapped
ind should rapidly reduce angular momentum, magnetic hot stars
ave systematically lower projected rotational velocities than non-
agnetic stars with similar spectral types (Abt & Morrell 1995 ;
onati & Landstreet 2009 ; Shultz et al. 2018 ). Furthermore, the

otational periods of magnetic stars increase o v er time (Shultz et al.
019c ), with young stars having rotational periods as short as 0.5 d
e.g. Grunhut et al. 2012 ; Rivinius et al. 2013 ), whereas older stars
an have rotational periods of decades (e.g. Shultz et al. 2017 ; Erba
t al. 2021 ). In a small number of cases, rotational period change has
 E-mail: jimmacd@udel.edu 
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een directly measured. The results of such studies have been mixed.
he canonical magnetic star σ Ori E slows down at approximately the

ate predicted due to wind magnetic braking (Townsend et al. 2010 ,
etit et al., in preparation). Ho we v er, other stars hav e been observ ed

o exhibit spin-up (Shultz et al. 2019b ), or even complex cycles of
pin-up and spin-down (e.g. Mikul ́a ̌sek et al. 2008 , 2011 , 2017 ). 

Because the torque predicted from the standard magnetic braking
f a stellar wind model gives rise to a steady loss of angular
omentum that is inconsistent with rotation period decreases o v er

hort time-scales, in this paper we investigate constraints on the
orque due to magnetic stresses acting at the stellar surface obtained
y direct integration of ZDI magnetic field maps. In the further
ection, we briefly re vie w the theory of angular loss due to magnetic
raking of stellar winds. In Section 3 , we derive integral expressions
or the force and torque on the star due to the magnetic stresses
t the stellar surface, and in Section 4 we e v aluate these integral
xpressions for the components of the force and torque by using the
eld components from ZDI maps of σ Ori E, CU Vir, τ Sco, and 36
yn, assuming that the stellar surface is spherical. Discussion and
onclusions are given in Sections 5 and 6 , respectively. 

 T H E  SPIN-DOW N  TO R QU E  

he theory of angular momentum loss due to magnetically braked
tellar winds has been developed in a number of papers (e.g. Weber &
avis 1967 ; Mestel 1968 ; Belcher & MacGregor 1976 ; Mestel 1984 ;
akurai 1985 ; Mestel & Spruit 1987 ; Kawaler 1988 ; Matt & Pudritz
008 ; ud-Doula, Owocki & Townsend 2009 ; Matt et al. 2012 ;
einers & Mohanty 2012 ; R ́eville et al. 2015 ). In addition to the

tellar angular velocity and mass-loss rate, the angular momentum
oss rate depends on the strength and topology of the magnetic field.
© 2024 The Author(s). 
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ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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egions in which the flow speed, v, is less than the Alfv ́en speed, v A ,
re forced to co-rotate with the star. In the simple case of a monopole
eld, for a slow rotator the angular momentum loss rate is 

 ̇= 

2 

3 
Ṁ R A 

2 �, (1) 

here Ṁ is the mass-loss rate, � is the stellar angular velocity, 
nd R A is the radius of the spherical Alfv ́en surface that bounds the
orotating wind region. From mass conservation for a steady wind 
nd flux conservation for a magnetic monopole, it is straightforward 
o show that 

 A 
2 = 

R ∗4 B ∗2 ∣∣Ṁ 

∣∣ v A 
, (2) 

here the asterisk ( ∗) denotes quantities at the stellar surface and v A 
s the wind speed at the Alfv ́en surface. 

A number of works use equation ( 1 ) for the angular momentum
oss rate by modifying the expression for R A to account for differences
n the field geometry and wind driving mechanism (see e.g. ud-Doula 
t al. ( 2009 ), R ́eville et al. ( 2015 )). Essentially R A 

2 is replaced by
 R A 

2 〉 , its mass-loss weighted av erage o v er the Alfv ́en surface as
escribed by Washimi & Shibata ( 1993 ). 
From comparison with the results of their MHD calculations (ud- 

oula et al. 2008 ), ud-Doula et al. ( 2009 ) find for radiatively driven
inds in an aligned rotator, the angular momentum loss rate due to
 magnetically braked wind is 

 ̇mbw = 

2 

3 
Ṁ �

〈
R A 

2 
〉 = 

2 

3 
Ṁ �R ∗2 

[
0 . 29 + ( η∗ + 0 . 25 ) 1 / 4 

]2 
, (3) 

here the wind magnetic confinement parameter is defined by (ud- 
oula & Owocki 2002 ) 

∗ = 

B eq 
2 R ∗2 ∣∣Ṁ 

∣∣ v ∞ 

. (4) 

ere, B eq is the surface dipole equatorial field strength and v ∞ 

is the
erminal flow speed. 

From their MHD models for a thermally driven wind, R ́eville et al.
 2015 ) find 

〈 R A 〉 
R ∗

= K 1 

[ 

ϒ (
1 + f 2 / K 2 

2 
)1 / 2 

] m 

, (5) 

here 

 = 

B eq 
2 R ∗2 ∣∣Ṁ 

∣∣ v esc 
(6) 

s the magnetization parameter (Matt & Pudritz 2008 ) and f is the
atio between the star’s equatorial surface rotation rate and Keplerian 
peed 

 = 

�R ∗3 / 2 

( G M ∗) 1 / 2 
. (7) 

or a dipole field, R ́eville et al. ( 2015 ) find K 1 = 2.0 ± 0.1, K 2 =
.2 ± 0.1, m = 0.235 ± 0.007. 
For the rest of the paper, we concentrate on radiatively driven 

inds. Comparison of the theoretical wind torque, given by equation 
 3 ) and the rele v ant expression for R A , with observed spin-down rates
equires that the mass-loss rate and other quantities are known. Also
he deri v ations of these expressions are based on the assumption
hat the magnetic and rotation axes are aligned, which may not be
he case. Indeed, Shultz et al. ( 2019c ) find from their analysis of
 sample of magnetic early-B-type stars that the obliquity angle is
tatistically consistent with a random distribution. Petit et al. ( 2013 )
rovide a detailed discussion of the correlated errors in determining 
he angular momentum loss rate from equation ( 3 ). As yet there has
een no modification to equation ( 3 ) to take into account the effect
f non-zero obliquity but Subramanian et al. ( 2022 ) have performed
D MHD calculations for a few cases of an oblique rotator, which
ndicate that the variation in angular momentum loss rate is of order
0–20 per cent. 
Because of these limitations, we explore an alternative approach in 

hich the magnetic torque is e v aluated from the observed magnetic
eld components. In the next section, we derive expressions for the
et force and torque in terms of integrals of the magnetic stresses
 v er the stellar surface. 

 F O R C E  A N D  TO R QU E  F RO M  MAGNET IC  

TRESSES  

he force on the star from magnetic stresses is given by 

 = − 1 

4 π

∫ 

S 

B 

2 

2 
n − ( n · B ) B dS. (8) 

The torque on the star resulting from just the magnetic stresses is
hen 

= − 1 

4 π

∫ 

S 

B 

2 

2 
( r × n ) − ( r × B ) ( n · B ) dS. (9) 

In the particular case of a spherical star, the force and torque
xpressions simplify to 

 = −R ∗2 

4 π

∫ 

S 

(
B 

2 

2 
ˆ r − B r B 

)
sin θdθdφ. (10) 

nd 

= 

R ∗3 

4 π

∫ 

S 

( ̂ r × B ) B r sin θdθdφ. (11) 

Taking the rotation axis as the z-axis, the components of the force
nd torque on a spherical star are 

 x = −R ∗2 

8 π

∫ 

S 

[(
B θ

2 + B φ
2 − B r 

2 
)

sin θ cos φ − 2 B r B θ cos θ cos φ

+ 2 B r B φ sin φ
]

sin θdθdφ, 

 y = −R ∗2 

8 π

∫ 

S 

[(
B θ

2 + B φ
2 − B r 

2 
)

sin θ sin φ − 2 B r B θ cos θ sin φ

−2 B r B φ cos φ
]

sin θdθdφ, 

F z = −R ∗2 

8 π

∫ 

S 

[(
B θ

2 + B φ
2 − B r 

2 
)

cos θ + 2 B r B θ sin θ
]

sin θdθdφ

(12

nd 

x = −R ∗3 

4 π

∫ 

S 

(
B θ sin φ + B φ sin θ cos φ

)
B r sin θdθdφ, 

y = 

R ∗3 

4 π

∫ 

S 

(
B θ cos φ − B φ sin θ sin φ

)
B r sin θdθdφ. 

τz = −R ∗3 

4 π

∫ 

S 

sin 2 θB r B φd θd φ. (13) 
MNRAS 530, 2840–2851 (2024) 
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Table 1. Components of the force and torque calculated from ZDI maps of σ Ori E, CU Vir, τ Sco, and 36 Lyn, assuming spherical 
stars. 

Star F x F y F z τ x τ y τ z t ZDI 

(dyn) (dyn) (dyn) (dyn cm) (dyn cm) (dyn cm) (10 3 yr) 

σ Ori E 1.20 × 10 29 7.88 × 10 28 8.52 × 10 27 − 6.08 × 10 40 1.91 × 10 40 − 3.29 × 10 40 5.9 
CU Vir − 4.80 × 10 27 4.53 × 10 26 1.02 × 10 28 6.29 × 10 38 4.80 × 10 38 − 5.9 × 10 37 710 
τ Sco − 1.76 × 10 27 − 1.13 × 10 27 − 1.29 × 10 26 2.56 × 10 38 − 5.95 × 10 38 − 3.87 × 10 38 66 
36 Lyn − 4.70 × 10 28 1.95 × 10 28 2.16 × 10 28 − 6.16 × 10 39 − 1.32 × 10 40 − 1.47 × 10 39 12 

Table 2. Torque and spin-down time-scale from equation ( 3 ) for σ Ori E, CU Vir, τ Sco, and 36 Lyn. 

Star Mass Radius Rotational inertia B eq Ṁ v ∞ 

τmbw t mbw 

( M �) (R �) (10 55 g cm 

2 ) (kG) (M � yr −1 ) (km s −1 ) (dyn cm) (10 3 yr) 

σ Ori E 8 .1 3 .70 11 .5 4 .1 1.2 × 10 −10 1200 − 2.4 × 10 37 8.8 × 10 3 

CU Vir 3 .1 2 .06 0 .96 1 .3 1.2 × 10 −12 630 − 2.66 × 10 35 1.6 × 10 5 

τ Sco 17 .0 5 .44 48 0 .16 9.9 × 10 −9 2800 − 5.59 × 10 35 4.8 × 10 4 

36 Lyn 4 .0 3 .5 3 .0 1 .3 1.04 × 10 −11 860 − 6.33 × 10 35 2.8 × 10 4 
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Table 3. Comparison of theoretical and measured spin-down time-scales for 
σ Ori E, CU Vir, τ Sco, and 36 Lyn. 

Star t zdi t mbw t obs τ obs 

(10 3 yr) (10 3 yr) (10 3 yr) (dyn cm) 

σ Ori E 5.9 8.8 × 10 3 1.34 × 10 3 −1.6 × 10 38 

CU Vir 710 1.6 × 10 5 560 −7.1 × 10 37 

τ Sco 66 4.8 × 10 4 – –
36 Lyn 12 2.8 × 10 4 – –
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A more general expression for the total torque on a non-spherical
otating magnetic star that includes the contribution from the stellar
ind and thermal pressure has been derived by Mestel & Selley

 1970 ). Vidotto et al. ( 2014 ) used this result to determine the angular
omentum evolution of early-M-dwarf stars using 3D numerical

imulations of the stellar wind which apply the surface field geometry
rom ZDI maps as an interior boundary condition. 

In the limit that the stellar radius is much smaller than the Alfv ́en
adius, Weber & Davis ( 1967 ) show that in their equatorial plane
nalysis in which the poloidal field is described by a pure monopole,
he radial, and toroidal components of the field at the stellar surface
re related by 

 φ = −�R ∗
u a 

B r . (14) 

here u a is the Alfv ́en speed at the Alfv ́en radius. Parker ( 1969 ) has
sed a generalization of this result to the whole stellar surface to find
n expression for the torque 

mono = −2 

3 

�R ∗
u a 

R ∗3 B ∗2 , (15) 

here B ∗ is the strength of the monopolar radial field at the stellar
urface. 

In this simple monopole model, the toroidal magnetic field al w ays
oints in the direction that leads to a torque that reduces the angular
omentum of the star. As we will find from analysis of the ZDI maps

or stars with more complicated field topologies, the toroidal field can
ocally be in the opposite direction and give a positive contribution
o the magnetic torque surface integral. 

 OBSERVATIONA LLY  MEASURED  F O R C E S  

N D  TO R QU E S  

e have used the ZDI maps (shown in the Appendix) of the magnetic
elds of σ Ori E (Oksala et al. 2015 ), CU Vir (Kochukhov et al. 2014 ),
Sco (Kochukhov & Wade 2016 ), and 36 Lyn (Oksala et al. 2018 )

o estimate the forces and torques acting on the stars from magnetic
tresses. The integrals in equations ( 12 ) and ( 13 ) are approximated
y sums of form, for example ∫ 

S 

(
B r B φ sin θ

)
sin θdθdφ ≈

∑ 

k 

(
B r B φ sin θ

)
k 

sin θk d θk d φk , (16) 
NRAS 530, 2840–2851 (2024) 
where d φk and d θ k are determined from the grid spacing. The
umber of points in the map is 1176 for σ Ori E and τ Sco or
876 for 36 Lyn and CU Vir. We test the accuracy of the integral
pproximation by using much higher resolution maps for CU Vir
reated from the spherical harmonic series expansions for the field
omponents given in Kochukhov et al. ( 2014 ). We find that the errors
rom using the low-resolution map are small with the maximum
ifference in any of the force and torque components of 4 × 10 25 dyn
nd 2 × 10 36 dyn cm, respecti vely. The relati ve errors in the mag-
itudes of the force and torque are 0.4 per cent and 0.07 per cent,
espectively. 

We have also down scaled to 1176 grid points to estimate numerical
rrors for σ Ori E and τ Sco. The maximum difference in any
f the force and torque components is now 9 × 10 25 dyn and
 × 10 36 dyn cm, respectively. The relative errors in the magnitudes
f the force and torque are 0.6 per cent and 0.1 per cent, respectively.
Our results from integration of the low-resolution maps are

ummarized in Table 1 . The final column gives the predicted spin-
own time-scale, t ZDI , assuming that the star rotates like a solid
ody. 
For comparison purposes, we give in Table 2 the torque ( τmbw ) and

igid body spin-down time-scale ( t mbw ) estimated by using equation
 3 ). Our adopted stellar parameters are given in columns (2)–(6). 

In Table 3 , we compare the spin-down time-scales, t mbw =
 ω/ ̇J mbw , with J̇ mbw estimated from equation ( 3 ) and, t ZDI , from
z given in equation ( 13 ) with t obs , the spin-down time-scale from
bserved period changes. We also give τ obs , the torque required to
ive the spin-down time-scale from the observed period changes 

obs = 

dJ = 

2 πI Ṗ 

. (17) 
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Figure 1. Colour plot of � = −sin 2 θB r B φ for σ Ori E. B r and B φ are both 
in units of kG. Left and top plot show the integral of � with respect to φ and 
θ , respectively. 
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.1 σ Ori E 

Ori E (HD 37479) is magnetic helium-strong variable star that 
otates rapidly with period P = 1.19 d (Groote & Hunger 1982 ) and
as a magnetic obliquity of 47 ◦–59 ◦ (Oksala et al. 2015 ). From U-
and photometric monitoring o v er the period 2004–2009, Townsend 
t al. ( 2010 ) find evidence for an increasing rotation period on a
ime-scale of P / Ṗ = 1.34 Myr. Townsend et al. ( 2013 ) estimate that

Ori E has radius 3.77 R � and ef fecti ve temperature 22 500 K. More
ecently, Song et al. ( 2022 ) have determined the stellar properties
o be log T eff = 4.352 ± 0.012 and log L / L � = 3.50 ± 0.19.
y computing stellar models that include the effects of radially 
ifferential rotation, they conclude that σ Ori E is a very young 
tar of age less than 1 Myr and initial mass near 9 M �. Using the
EUCES code (Lawlor & MacDonald 2023 ), assuming a non- 

otating and non-magnetic main sequence star, we find using the 
ong et al. stellar parameters that M ∗ = 8.1 ± 0.5 M �, the age

s 4 × 10 6 –2 × 10 7 yr, and the solid-body rotational inertia I =
.078 − 0.093 MR 

2 = 0.8 − 1.5 × 10 56 g cm 

2 . For solid-body rotation,
he observed spin-down rate would require a total external torque of
∼ −1.4 × 10 38 dyn cm. 
The Song et al. stellar parameters can also be matched by models of

he star in its pre-main-sequence phase. We find from our DEUCES
odels that the mass lies in the range 7.4–9.1 M �, and the age is less

han 300 000 yr. These non-rotating pre-main-sequence models can 
e ruled out because they predict spin-up due to stellar contraction 
n a time-scale of � 10 5 yr. 
None of these age estimates are consistent with the age of 2–3 Myr

ound by Sherry et al. ( 2008 ) from main sequence fitting, which may
ndicate that σ Ori E is the product of a stellar merger, which has
een proposed as the origin mechanism for magnetic massive stars 
Schneider et al. 2019 ). Ho we ver, we stress that the details of the
tellar models do not significantly influence our conclusion that the 
orque estimated from the magnetically braked wind angular mass- 
oss formula, τmbw , is many orders of magnitude less than that from
ntegration of the ZDI map. 

To compare with the torque predicted by equation ( 3 ), we need
he wind mass-loss rate and terminal velocity, v ∞ 

. Using the Vink,
e Koter & Lamers ( 1999 , 2000 , 2001 ) prescription, the mass-loss
ate for the stellar parameters found abo v e is 1.2 × 10 −10 M � yr −1 

nd v ∞ 

= 1200 km s −1 . Ho we ver, the ef fecti ve temperature is
ear the lower temperature bistability transition temperature, and 
f the ef fecti ve temperature were 500 K lo wer, the mass-loss
ould be an order-of-magnitude higher and v ∞ 

would be 630 
m s −1 . 
From the ZDI data, we find that < B 

2 
eq > � 16.7 kG 

2 . The wind
onfinement parameter is then 2.4 × 10 5 – 1.3 × 10 6 and the torque 
rom equation ( 3 ) is 0.24 − 1.1 × 10 38 dyn cm. Hence the torque
alculated using the larger mass-loss rate is consistent with that 
educed from the spin-down rate, as predicted by ud-Doula et al. 
 2009 ). Petit et al. ( 2013 ) adopted the lower mass-loss rate and found
 mbw = 4.6 Myr, a factor of 3 larger than that observed by Townsend
t al. ( 2010 ). In contrast, Parker’s result in equation ( 15 ) gives a spin-
own torque of magnitude 3 × 10 41 dyn cm, which is 2000 times
arger than that required by the estimate from the solid-body rotation 
pin-down rate. 

The torque calculated from the ZDI data by performing numer- 
cally the integral in equation ( 13 ) is 3.3 × 10 40 dyn cm. Although
ower than found using Parker’s equation, this torque is still 200 times
arger than estimated from the solid-body rotation spin-down rate. 
or a rotation period of 1.19 d, our measured magnetic torque leads

o a solid-body rotation spin-down time-scale of 5.9 × 10 3 yr. 
Z  
In the central panel of Fig. 1 , we show a surface plot of torque
ensity, � = −sin 2 θB r B φ . We see that there is a region of the stellar
urface centered near φ = 312 ◦, θ = 100 ◦ where the contribution to
he torque integral is large and negative. 

Even though Fig. 1 shows that the magnetic torque integrand is not
xisymmetric, the left panel shows that when � is integrated over φ,
he contributions to the magnetic torque integral are symmetric about 
he rotational equator. This symmetry is likely a result of the near-
ipole nature of the magnetic field as can be seen from Appendix
ig. A1 . 

.2 CU Vir 

U Vir (HD124224) is a rapidly rotating ( P = 0.5207 d) chemically
eculiar star that may have discrete and possibly non-monotonic 
eriod variations (Pyper et al. 1998 ; Mikul ́a ̌sek et al. 2011 ; Pyper,
tevens & Adelman 2013 ; Krti ̌cka et al. 2019 ; Pyper & Adelman
020 ), rather than the smoothly increasing period predicted by 
agnetic spin-down models (ud-Doula et al. 2009 ). From high- 

esolution spectropolarimetric observations co v ering an entire ro- 
ational period, Kochukhov et al. ( 2014 ) find CU Vir’s magnetic
eld topology deviates significantly from the commonly assumed 
xisymmetric dipolar configuration. The field is dipolar-like but 
learly non-axisymmetric, showing a large difference in the field 
trength between the regions of opposite polarity. 

Kochukhov et al. ( 2014 ) adopted T eff = 12 750 ± 250 K based
n the SED-fitting results of Shulyak et al. ( 2004 ) and Lipski &
t e ¸pie ́n ( 2008 ) and model atmosphere analysis of spectroscopic data
y Kuschnig et al. ( 1999 ). Using the T eff value with the observed V
agnitude, the Hipparcos trigonometric parallax 12.63 ± 0.21 mas 

van Leeuwen 2007 ), and an empirical bolometric correction BC = –
.79 ± 0.1 (Lipski & St e ¸pie ́n 2008 ), Kochukhov et al. found a stellar
uminosity L = 100 ± 11 L � and radius R = 2.06 ± 0.14 R �. 

Assuming a main sequence star, we find using our DEUCES 

odels that these stellar parameters are consistent with M ∗ = 

.12 ± 0.06 M �, age 1.4 − 11.2 × 10 7 yr, mass-loss rate

.2 × 10 −12 M � yr −1 , v ∞ 

= 990 km s −1 and solid-body rotational
nertia I � 0.075 MR 

2 � 9.6 × 10 54 g cm 

2 . 
We have estimated the spin torque due to surface magnetic 

tresses by using the field components from the ZDI measurements 
Kochukhov et al. 2014 ). We find from the ZDI map that < B 

2 
eq >

 1.20 kG 

2 , and so τmbw = 2.7 × 10 35 dyn cm, which is two
rders of magnitude less than found from direct integration of the
DI map (see Table 1 ). Ho we ver, the spin-do wn time-scale based on
MNRAS 530, 2840–2851 (2024) 
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M

Figure 2. Values for the rotation period of CU Vir taken from the literature. 
The horizontal lines with symbols at the ends indicate the time span of 
the observations o v er which the rotation period was determined. The solid 
smoothed curve shows the general spin-down trend o v er a span of 50 yr. 

Figure 3. Colour plot of � for CU Vir. B r and B φ are both in units of kG. 
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he torque from integration of the ZDI map is in good agreement
ith the observed spin-down time-scale (up to 2010) of t obs =
 × 10 5 yr (Mikul ́a ̌sek et al. 2011 ). From rotation periods reported in
he literature (Blanco & Catalano 1971 ; Pyper et al. 1998 ; Pyper et al.
013 ; Krti ̌cka et al. 2019 ), which we show in Fig. 2 , we estimate a
ong-term average Ṗ = 2 . 6 × 10 −9 , corresponding to a similar spin-
own time-scale of t obs = 5.4 × 10 5 yr. 
Fig. 3 is the same as Fig. 1 except for CU Vir. Again, we see that

here is a region of the stellar surface where the contribution to the
orque integral is large and negati ve. Ho we ver, inspection of the left
anel of Fig. 2 shows that, unlike in the case of σ Ori E, contributions
o the magnetic torque integral are not symmetric with respect to the
otational equator. Also, there is a longitudinal band in which the
ontribution to the net torque is positive, in addition to a band that
ives a more dominant negative contribution to the net torque. 

.3 τ Sco 

Sco (HD149438) of spectral type B0.2V is a relati vely slo w rotator
ith P = 41.03 d (Donati et al. 2006 ). It has a complex surface
agnetic field topology (Donati et al. 2006 ; Donati & Landstreet

009 ; Shultz et al. 2019a , c ) that deviates significantly from a simple
ipole field. Kochukhov & Wade ( 2016 ) have inverted the circular
Stokes V) spectropolarimetic data to construct possible magnetic
eld maps. Further linear polarization measurements are needed
NRAS 530, 2840–2851 (2024) 
o produce a unique field map. In our analysis of the magnetic
tresses, we use the ZDI map corresponding to the inversion using
eneral harmonic field parametrization (model 2) in Kochukhov &
ade ( 2016 ). This magnetic field structure is in agreement with the
agnetic map of τ Sco obtained by Donati et al. ( 2006 ) from a

maller data set. 
By fitting theoretical isochrones to luminosity and temperature

etermined from V mag and B–V colour, Tetzlaff, Neuh ̈auser &
ohle ( 2011 ) found τ Sco to have mass 15.0 ± 0.1 M � and age
.7 ± 1.0 Myr. Based on Str ̈omgren photometry and Hipparcos
arallax, Pecaut, Mamajek & Bubar ( 2012 ) determine log T eff =
.475 ± 0.073 and log L / L � = 4.31 ± 0.16. They then determine
he mass and age from theoretical isochrones to be 14.5 M � and
 Myr. More recently, by using CMFGEN modelling of the spec-
rum co v ering wav elength range 380–680 nm (Martins et al. 2012 ),
eszthelyi et al. ( 2021 ) determine T eff = 31 500 ± 1000 K, log g =
.2 ± 0.1 cm s −2 . From stellar modelling that includes rotational
ixing effects and an angular momentum loss rate from equation

 3 ), Keszthelyi et al. ( 2021 ) determine from matching T eff and log g
hat τ Sco has age less than 6 Myr, but matching the rotation period
nd nitrogen abundance requires a much larger age, close to that
f the terminal age main sequence. To reconcile the observed 41 d
otation period with the predicted rate of spin-down it is found that
ither the magnetic braking efficiency needs to be larger by a factor
f 10 or the initial field was much stronger (30 kG) than the current
eld. Ev en then, the observ ed nitrogen e xcess requires that rotational
ixing be more efficient by at least a factor of 3. From the T eff –log
 diagram, the mass is found to be in the range 16–18 M �. 
Based on the Keszthelyi et al. error ellipse in the T eff –log g plane,

e find from our DEUCES models that fits can be found for masses
etween 14.5 and 17.2 M �. The maximum age is 4.4 Myr. 

There have been a number of age determinations for the Upper
co association (USco). The general trend is that ages determined
rom the more massive members are larger by a factor of about 2
han ages from the lower mass stars (see MacDonald & Mullan 2017
or discussion and a possible resolution of the discrepancy). Since

Sco is a B star, here we focus on the USco age determinations
ased on observations of massive stars. From isochronal ages for the
Sco B, A, and G stars, as well as the M supergiant Antares, Pecaut

t al. ( 2012 ) determined a mean age of 11 ± 3 Myr. (Rizzuto et al.
016 ) determined the age and component masses for seven G- to
-type binary systems in USco using the orbital solutions and HST
ultiband photometry. They find that their G-type binaries have ages

f 11.5 Myr, consistent with the age estimate of Pecaut et al. ( 2012 ).
Based on its position in the Hertzsprung–Russell diagram, Nie v a &

rzybilla ( 2014 ) concluded that τ Sco is a blue straggler star much
ounger than its stellar association, which suggests that it formed by
tellar merger, a scenario consistent with the suggestion by Ferrario
t al. ( 2009 ) that fossil magnetic fields originate in stellar merger
v ents, and e xplored for the specific case of τ Sco by Schneider
t al. ( 2019 ). The blue straggler interpretation of the τ Sco data is
onsistent with the Keszthelyi et al. age determination. 

Using the Keszthelyi et al. stellar parameters, we find the mass-loss
ate is 9.9 × 10 −9 M � yr −1 , v ∞ 

= 2800 km s −1 and the solid-body
otational inertia is I = 0.10 MR 

2 = 4.8 × 10 56 g cm 

2 . 
The ZDI data give < B 

2 
eq > = 0.0194 kG 

2 . The spin-down torque,

mbw , is then 5.6 × 10 35 dyn cm, which is three orders of magnitude
ess than found from integration of the ZDI map (see Table 1 ). 

Rotational period changes have not been observed for τ Sco.
o we ver, since it is currently a slow rotator, the spin-down time-

cale is likely to be less than its age, which leads to tension with the
pin-down time-scale of t mbw = 4.8 × 10 7 yr. Alternatively, the spin-
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Figure 4. Colour plot of � for τ Sco. B r and B φ are both in units of kG. 
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Figure 5. Colour plot of � for 36 Lyn. B r and B φ are both in units of kG. 
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own time-scale obtained from the ZDI map, t ZDI = 6.6 × 10 4 yr,
s roughly consistent with the current period provided the torque 
emains roughly constant. 

Fig. 4 is the same as Fig. 1 except now for τ Sco. Even though
he central panel shows a more complicated structure than found 
or σ Ori E, the left panel shows that there are nearly symmetric
ontributions to the total torque from the Northern and Southern 
emispheres. Unlike σ Ori E, there are longitudinal bands in which 

he contributions to the net torque are positive, in addition to an
quatorial band that gives the dominant negative contribution to the 
et torque. 

.4 36 Lyn 

6 Lyncis (HD79158) is a helium-weak magnetic Bp star of spectral 
ype B8 III that rotates with period 3.835 d (Wade et al. 2006 ). The
eld geometry is simpler than that of CU Vir being mainly dipolar but
ith a strong toroidal component (Oksala et al. 2018 ). From fitting
ptical and UV spectrophotometry, Wade et al. determine luminosity 
nd temperature log L / L � = 2.54 ± 0.16, T eff = 13 300 ± 300 K.
ased on the solar composition evolutionary calculations of Schaller 
t al. ( 1992 ), Wade et al. determine the stellar mass M = 4.0 ± 0.2 M �
nd age t = 79–110 Myr. From our solar composition DEUCES
odels, if the star is on the main sequence, we find M = 4.0 ± 0.3 M �

nd age t = 110–130 Myr. The mass-loss rate is 1.4 × 10 −11 M � yr −1 ,
nd the wind terminal velocity is v ∞ 

= 860 km s −1 . The solid-
ody rotational inertia is I = 0.059 MR 

2 = 2.9 × 10 55 g cm 

2 . If it
as evolved just beyond the end of the main sequence, then M =
.9 ± 0.1 M � and age t = 144–164 Myr, the mass-loss rate is �
 × 10 −11 M � yr −1 , v ∞ 

= 790 km s −1 and the solid-body rotational
nertia is I � 0.05 MR 

2 = 3.0 × 10 55 g cm 

2 . 
The ZDI data give < B 

2 
eq > = 1.191 kG 

2 . The spin-down torque

mbw , is then between 6.3 × 10 35 dyn cm and 1, .3 × 10 36 dyn cm,
hich is three orders of magnitude less than found from integration 
f the ZDI map (see Table 1 ). 
Fig. 5 is the same as Fig. 1 except now for 36 Lyn. The central

anel shows that different faces of 36 Lyn are dominated by positive
nd ne gativ e contributions to the torque inte gral. Nev ertheless, the
eft panel reveals symmetry along the rotational equator. 

 DISCUSSION  

or the fast rotators σ Ori E and CU Vir, we find that our estimates
f the torque on the stellar surface from ZDI measurements are many
rders of magnitude larger than estimated from observed period 
hanges. We stress here that the ZDI measurements only provide the 
agnetic contribution to the total torque. Since these stars are rapidly
otating and have strong surface magnetic fields, deviations from 

pherical symmetry are likely significant, and as a a consequence the
orque due to external pressure (whether thermal or magnetic) acting 
n the surface will not necessarily be zero. If the pressure tensor is
sotropic, equation ( 9 ) becomes 

= −
∫ 

S 

(
p + 

B 

2 

8 π

)
( r × n ) dS + 

1 

4 π

∫ 

S 

( r × B ) ( n · B ) dS . (18) 

If there are no surface flows, then the total pressure will be constant
 v er the surface and the first term on the right hand side of equation
 18 ) will be zero. We can estimate an upper limit on this term
y considering the turbulent velocity derived from spectroscopic 
easurements. Shultz et al. ( 2018 ) find for σ Ori E, a macrotur-

ulence velocity v mac = 13 ± 16 km s −1 across 7 different lines.
ost of the lines are consistent with zero turbulent broadening; the

3 km s −1 value is the result of a couple of lines giving higher values,
hich probably are outliers. If we conserv ati vely adopt an upper

imit of 30 km s −1 for the velocity of any surface flows, using the
hotospheric density from our stellar model, ρ = 1.3 × 10 −9 g cm 

−3 ,
e find an upper limit of 10 39 dyn cm for the first term on the right
and side of equation ( 18 ), which is small compared to the magnitude
f the torque, 7 × 10 40 dyn cm, derived from magnetic stresses. Also
Ori E, 36 Lyn, and CU Vir have prominent, high-contrast chemical

bundance spots on their surfaces. These spots are stable, as can be
udged from the lack of changes in the light-curve shapes (Townsend
t al. 2013 ). The existence of these spots is likely incompatible with
ignificant surface flows. 

Our models indicate that the thermal pressure at the photosphere 
f σ Ori E, 5 × 10 3 dyn cm 

−2 , is negligible compared to the magnetic
ressure, 2 × 10 7 dyn cm 

−2 . Indeed all of the stars considered here
ave magnetically dominated photospheres, with β in the range 
 × 10 −4 for σ Ori E up to order unity for τ Sco. 
Since it has been found for cool stars that ZDI mapping is

nsensitive to small-scale magnetic fields (Johnstone, Jardine & 

ackay 2010 ), they may also play a role in determining the magnetic
orce and torque. Ho we ver, in the case of magnetic CP stars, the
otion of the dichotomy between large/small-scale fields and ZDI/MI 
odelling methodologies is known to be not applicable. For mCP 

tars, the treatment of Zeeman broadening/intensification has al w ays 
een an integral part of ZDI, particularly when individual lines 
ere modelled (Kochukhov et al. 2015 ; Rusomaro v, Kochukho v &
undin 2018 ). Even before ZDI, global field models were capable
f fitting phase curves of longitudinal field and mean-field modulus 
ith ‘pure’ large-scale field geometries without the need of invoking 
MNRAS 530, 2840–2851 (2024) 



2846 J. MacDonald et al . 

M

h  

e  

Z  

t  

e  

c  

t  

d
 

fi  

r  

m  

r  

m  

e  

o
 

c  

t  

i  

C  

s  

r  

o  

o  

t

6

W  

n  

a  

m  

a  

w  

o  

a  

t  

d  

t  

(  

e  

s  

I  

t  

t  

c  

s
 

b  

a  

i  

d  

m  

c  

d

A

T  

2  

N  

F  

a  

d  

l

7

N

R

A
B  

B
B
D
D
D
E  

F  

G
G
G
J
K
K  

K
K  

K
K
K  

L
L
L
M
M  

M
M  

M
M  

M
M  

M
M
M
M
M  

 

 

N
N
O
O  

O  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/530/3/2840/7646864 by The U
ppsala Program

m
e for H

olocaust and G
enocide studies user on 29 M

ay 2024
idden small-scale field (e.g. Landstreet & Mathys 2000 ; Bagnulo
t al. 2002 ). These studies, and direct observations of well-resolved
eeman split lines (e.g. Mathys et al. 1997 ; Mathys 2017 ), indicate

hat magnetic CP stars possess no small-scale fields of the type
xisting in cool stars. We have analysed how fields at different scales
ontribute to the spin-down torque (see Appendix Figs A5 –A8 , and
he associated text) and found that the resulting torques were mainly
etermined by large and medium scale fields. 
Re-accretion of wind material that gets trapped by the magnetic

eld could provide a torque in the direction of increasing the rotation
ate of the star, that is, in the opposite sense found here from the ZDI
aps. Ho we ver, the fast rotators are in the centrifugally dominated

egime (Petit et al. 2013 ) and material that breaks free from the
agnetic field will mainly be ejected and not accreted (Owocki

t al. 2020 ). A centrifugal breakout episode may have been recently
bserved for CU Vir (Das & Chandra 2021 ). 
Due to the large non-uniform magnetic pressure and the insignifi-

ance of thermal and turbulence pressure, it seems una v oidable that
he stellar surface will deviate from the spherical symmetry assumed
n our force and torque calculations. Indeed for the fastest rotator,
U Vir, we estimate by assuming the photosphere is an equipotential

urface, that centrifugal effects lead to an equatorial to polar radius
atio of 1.07. The possibility arises that asphericity is responsible for
ur finding that in some cases the torques calculated from integration
f the Maxwell stresses o v er the stellar surface are significantly larger
han found from the magnetically braked wind analysis. 

 C O N C L U S I O N S  

e have used the distributions of the surface magnetic field compo-
ents determined from ZDI measurements to calculate the net force
nd torque resulting from magnetic stresses for 3 rapidly rotating
agnetic chemically peculiar stars, CU Vir, 36 Lyn, and σ Ori E,

nd the slowly rotating early-B-type star τ Sco. We find that if
e assume solid-body rotation, the spin-down times are up to four
rders of magnitude shorter than the stellar age. If the magnetic fields
re truly fossil in nature, then they are frozen in, and are expected
o be tied to the surface radius such that the surface field strength
ecreases as 1/ R 

2 . As the torque is proportional to R 

3 B 

2 , this means
hat throughout the stellar evolution, the torques would vary as 1/ R
getting smaller with time). Ho we ver, the change in radius is not
xpected to be significant until, for example the end of the main
equence. Therefore an assumption of constant torque is a good one.
f anything, it would mean that, from a stellar evolution point of view,
he torque was slightly larger in the past, whereas we would need the
orque to be significantly smaller in the past to reconcile the large
urrent spin-down rates obtained by our method and the presumed
tellar ages. 

We have considered a number of ways that this dilemma might
e a v oided and conclude that the mostly likely resolution is that our
ssumption of exact spherically symmetry is violated. Furthermore
n all cases, the photospheres are magnetically dominated and the
eviations from spherical symmetry will arise from the non-uniform
agnetic stresses. For the slowest rotator in the sample, τ Sco,

entrifugal distortion of the photosphere is negligible, and any
eviations from sphericity must result from the magnetic stresses. 
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PPEN D IX  A :  T H E  MAGNETIC  FIELD  

O M P O N E N T S  

igs A1 , A2, A3 and A4 show the strength of the magnetic field
omponents for σ Ori E, CU Vir, τ Sco, and 36 Lyn, respectively. 

Figs A5 –A8 show heat-maps of the α, β, and γ harmonic 
oefficients in equations ( 1 )–( 3 ) from Kochukhov et al. ( 2014 )
nd the cumulative torque (equation ( 13 )) histogram of the surface
agnetic field for σ Ori E, CU Vir, τ Sco, and 36 Lyn, respectively.
or each figure, corresponding to each star, the bottom panel shows a
umulative histogram of the torque computed by reconstructing the 
DI map using only the � -th harmonics. The horizontal dashed line
hows the torque computed from the map reconstructed from all of
he harmonics, which is of course the convergence point of the cumu-
ative histogram. To make the figures more compact, the histogram 
igure A1. Colour plots of the strengths of the magnetic field components
or σ Ori E. 

ars are coloured according to their sign, with positiv e/ne gativ e in
ed/blue. 

In a case where the total torque would be reached within a few
armonics only, it could either mean that (i) the small-scale structures
re not contributing significantly to the torque or (ii) the field does
ot have significant small-scale structures to start with. 
For σ Ori E (Fig. A5 ), high mode amplitude values are clustered

round low � coefficients indicating that these terms have the highest
mpact on the o v erall topography of the surface magnetic field. This
s echoed in the cumulative torque histogram which converges to the
otal torque from the field very quickly ( � ≤ 2). 

For CU Vir (Fig. A6 ), high mode amplitude values are found from
ow- � to mid- � values (out of the total 10) indicating that the o v erall
opography of the surface magnetic field is dominated equally by 
arge and medium-scale structures. This can be seen in the cumulative 
orque histogram below which converges around � ≤ 4. 

For τ Sco (Fig. A7 ), high mode amplitude values are mostly
onstrained to low � values but extend to higher � values for the α
erms. This shows that the o v erall topography of the surface magnetic
eld is dominated by large and medium-scale structures. This can 
e seen in the cumulative torque histogram below which converges 
round � ≤ 7. 

For 36 Lyn (Fig. A8 ), high mode amplitude values are found
ostly around low values indicating that the o v erall topography of the

urface magnetic field can be described primarily by large structures. 
his can be seen in the cumulative torque histogram below which
onverges around � ≤ 4. 
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Figure A2. Colour plots of the strengths of the magnetic field components 
for CU Vir. 

Figure A3. Colour plots of the strengths of the magnetic field components 
for τ Sco. 
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Figure A4. Colour plots of the strengths of the magnetic field components 
for 36 Lyn. 

Figure A5. Heat-map of the α, β, and γ harmonic coefficients (top) and the 
cumulative torque histogram of σ Ori E. 
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Figure A6. Heat-map of the α, β, and γ harmonic coefficients (top) and the 
cumulative torque histogram of CU Vir. 

Figure A7. Heat-map of the α, β, and γ harmonic coefficients (top) and the 
cumulative torque histogram of τ Sco. 
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Figure A8. Heat-map of the α, β, and γ harmonic coefficients (top) and the 
cumulative torque histogram of 36 Lyn. 
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