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Cosmology AS7009, 2008Cosmology AS7009, 2008
Lecture 3Lecture 3

OutlineOutline
�� The RobertsonThe Robertson--Walker metricWalker metric
�� Proper distanceProper distance
�� Is the Universe Infinite? Is the Universe Infinite? 
�� Computational tools:Computational tools:
��FriedmannFriedmann equationequation
•• Fluid equationFluid equation
�� Acceleration equationAcceleration equation
�� Equation of stateEquation of state

�� Cosmic dynamicsCosmic dynamics
�� The cosmological constantThe cosmological constant

Covers half of chapter 3 + chapter 4 in Ryden

RecallRecall from last timefrom last time

�� MetricMetric: : A A descriptiondescription of the of the distancedistance
betweenbetween twotwo pointspoints

�� MetricMetric in 3 spatial dimensions:in 3 spatial dimensions:
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MetricMetric in 4D in 4D spacespace--timetime

�� MinkowskiMinkowski metricmetric ((usedused in special in special relativityrelativity) :) :

DistanceDistance in 4D in 4D spacespace--timetime, , withoutwithout curvaturecurvature. . 

222222 dddd Ω++−= rrtcs

Time Space

GeodesicsGeodesics
�� GeodesicGeodesic: The : The shortestshortest pathpath betweenbetween twotwo pointspoints

�� In special/general In special/general relativityrelativity: the : the shortestshortest pathpath
betweenbetween twotwo pointspoints in 4D in 4D spacespace--timetime

�� PhotonsPhotons followfollow the the nullnull geodesicgeodesic, for , for whichwhich
ddss22=0.=0.
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(i.e. photons move with speed c)

RobertsonRobertson--WalkerWalker metricmetric

The R-W metric is an exact solution to  Einstein’s field
equation of general relativity, assuming

isotropy and homogeneity (the cosmological principle)
It is extremely important for modern cosmology!

(a.k.a. Friedmann-Lemaître-Robertson-Walker metric, 
Friedmann-Robertson-Walker or Friedmann-Lemaître metric)

Friedmann Lemaître Robertson Walker

?
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RobertsonRobertson--WalkerWalker metricmetric IIII
�� ValidValid for for UniverseUniverse describeddescribed by general by general relativityrelativity (4D (4D 

spacespace--timetime with with curvaturecurvature and and expandingexpanding spacespace))

�� NoteNote: : AssumesAssumes cosmologicalcosmological principleprinciple to to holdhold
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Same as in 3D metric with curvature

CoordinatesCoordinates in Rin R--W W metricmetric

�� t = proper time (t = proper time (’’cosmiccosmic timetime’’))

�� (x,(x,θθ,,φφ) or ) or (r,(r,θθ,,φφ) = ) = comovingcomoving coordinatescoordinates
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ComovingComoving coordinatescoordinates

t1

t2

In comoving coordinates:
dAB(t1) = dAB(t2)

ComovingComoving distancedistance

�� ComovingComoving distancedistance: A : A distancedistance that that staysstays
constantconstant despitedespite cosmiccosmic expansion, i.e. expansion, i.e. 
followsfollows the Hubble the Hubble flowflow

�� OtherOther similarsimilar expressions: expressions: ComovingComoving
volumevolume ((oftenoften a a comovingcomoving cubecube), ), 
comovingcomoving observersobservers, , comovingcomoving densitydensity

Is the Is the UniverseUniverse Infinite?Infinite?
-- GeometryGeometry --

Consider a 2D world located in the surface layer of 
a 3D sphere

This 2D world will have finite area but no wall-like
boundary

Is the Is the UniverseUniverse Infinite?Infinite?
-- GeometryGeometry --

Negative curvature (κ=-1) →
’open geometry’, 
infinite Universe

Positive curvature (κ=1) →
’closed geometry’, 

finite Universe

Zero curvature (κ=0) →
’flat geometry’, 
infinite Universe

Now, consider 3 spatial dimensions with curvature
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CommonCommon MisconceptionMisconception aboutabout
Modern Modern CosmologyCosmology no. 3no. 3

�� ““In a closed (positively curved) universe (as illustrated in In a closed (positively curved) universe (as illustrated in 
many textbooks with a picture of a 3many textbooks with a picture of a 3--D sphere), we live D sphere), we live 
inside a thin layer on a surface of an otherwise empty inside a thin layer on a surface of an otherwise empty 
sphere. This implies that space should be more sphere. This implies that space should be more 
extended in certain directions (tangentially along the extended in certain directions (tangentially along the 
surface of the sphere) than in others (surface of the sphere) than in others (radiallyradially).).””

No, no, no…

Is the Is the UniverseUniverse Infinite?Infinite?
-- TopologyTopology --

� Complications: 
� Despite what is stated in many textbooks, the 

finiteness of space depends on geometry and 
topology.

� A flat or negatively curved Universe can be 
finite, if the topology is non-trivial.

http://games.atari.com/arcade_large.php?game=asteroids

Asteroids:
Classic arcade game by Atari, from 1979

Is the Is the UniverseUniverse Infinite?Infinite?
-- TopologyTopology --

Asteroids (1979): A simple of a non-trivial topology, 
giving a finite 2D Universe without any visible boundary (wall)

Topology of the Universe: Decribes how
various parts of space are connected

Suggestion for Literature Exercise:
Topology of the Universe

Escher (1960)

Luminet’s dodecahedron

Proper Proper distancedistance

�� Proper Proper distancedistance betweenbetween pointspoints A & B at A & B at 
time time tt: : defineddefined by spatial by spatial geodesicgeodesic
betweenbetween A & B A & B whenwhen scalescale factorfactor is is fixedfixed
at at a(a(tt).).

�� GrowsGrows over time over time duedue to to cosmiccosmic expansion, expansion, 
i.e. i.e. notnot a a comovingcomoving distancedistance
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Recession Recession velocitiesvelocities II
�� RateRate of of changechange of the proper of the proper distancedistance::

�� This This impliesimplies::
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Recession Recession velocitiesvelocities IIII

�� v>cv>c(!) at (!) at largelarge distancesdistances (high z)(high z)

�� ButBut notenote: Not : Not objectsobjects movingmoving throughthrough spacespace, , butbut
recession recession velocityvelocity duedue to expansion of to expansion of spacespace itselfitself

Cosmic Cosmic dynamicsdynamics::
Four Four importantimportant equationsequations

�� FriedmannFriedmann equationequation

�� Fluid Fluid equationequation

�� Acceleration Acceleration equationequation

�� EquationEquation of of statestate

Learning how to
use these is one

of the major goals
of this course!

Cosmic Cosmic dynamicsdynamics::
Four Four importantimportant equationsequations

WhatWhat dodo you you needneed themthem for?for?

�� CalculatingCalculating::
ρρ(t), (t), a(ta(t), ), aa’’(t(t), ), aa’’’’(t(t), ), T(tT(t), ), t(zt(z), ), D(zD(z))

�� ExamplesExamples of of applicationsapplications::
�� PredictingPredicting fatefate of the of the UniverseUniverse

�� Testing Testing agesages of of astronomicalastronomical objectsobjects
(stars/(stars/galaxiesgalaxies) ) againstagainst cosmologicalcosmological
modelsmodels

The The FriedmannFriedmann equationequation
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CriticalCritical densitydensity
CriticalCritical densitydensity ≡≡ The The energyenergy densitydensity

requiredrequired to make the to make the UniverseUniverse spatiallyspatially flatflat
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Numerically, the critical
energy density at the 

current time corresponds to
1 hydrogen atom per 200 liters,

or 140 Msolar per kpc3

The The DensityDensity ParameterParameter
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Dimensionless density parameter

Rewriting the Friedmann equation:

Once more: Energy determines geometry (curvature)
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ΩΩ and and GeometryGeometry

κκ==--11

OpenOpen
ΩΩoo<<11

κκ=+1=+1

ClosedClosed
ΩΩoo>>1 1 

κκ=0=0

FlatFlat
ΩΩoo=1 =1 

Energy
density

Curvature
(geometry)

WhyWhy onlyonly 3 3 possiblepossible valuesvalues for for κκ??
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The curvature κ always appears
together with R0. You can always rescale

R0 to get κ=0,+1 or -1

The Fluid The Fluid EquationEquation
The The FriedmannFriedmann equationequation doesdoes not, by not, by itselfitself, , 

allowallow a a predictionprediction of of howhow the the scalescale factorfactor
evolvesevolves with time. You with time. You alsoalso needneed the the fluid fluid equationequation..

AssumptionAssumption: The : The energyenergy componentscomponents of the of the UniverseUniverse
cancan be be treatedtreated as as perfectperfect fluids on fluids on largelarge scalesscales..

VPEQ ddd +=

First law of Thermodynamics:

Heat flow
into or out of

region

Change
in internal

energy of region 

Change 
in volume
of region

The Fluid The Fluid EquationEquation
Cosmic expansion is an Cosmic expansion is an adiabaticadiabatic process,process,

givinggiving no no increaseincrease in in entropyentropy →→ ddQQ = 0= 0
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From this, you can derive the fluid equation:

0dd =+ VPE

Hence,

The Acceleration The Acceleration EquationEquation
The The FriedmannFriedmann equationequation and the fluid and the fluid equationequation

cancan be be combinedcombined to form the acceleration to form the acceleration equationequation::
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ImportantImportant implicationimplication: Positive : Positive energyenergy andand
pressurepressure makes makes cosmiccosmic expansion expansion slowslow downdown..

ButBut a a componentcomponent with negative with negative pressurepressure ((’’tensiontension’’))
couldcould causecause the expansion to speed up.the expansion to speed up.

The The EquationEquation of Stateof State
The The equationequation of of statestate relatesrelates the the pressurepressure

and and energyenergy of the of the cosmiccosmic fluids:fluids:

εwP =
EquationsEquations of of statesstates for the for the somesome of the of the mostmost

commoncommon componentscomponents consideredconsidered in in cosmologycosmology::

)energydark(3/1

)constantalcosmologic(1

)mattericrelativistandradiation(3/1

)mattericrelativistnon(0
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→ Positive acceleration
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The The CosmologicalCosmological ConstantConstant II

In 1917 Einstein introduced a
constant Λ in his equations
to produce a static
matter-filled Universe.

After Hubble’s discovery of 
cosmic expansion in 1929, 
Einstein referred to the 
introduction of Λ as his 
”greatest blunder”

The The CosmologicalCosmological ConstantConstant IIII
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The The CosmologicalCosmological ConstantConstant IIIIII
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Λ corresponds to an energy of:

While Λ can in principle produce a static Universe (a’=0),
this solution is as unstable as a pencile balanced on its
sharpened point…

But: Because of its negative pressure, a Λ-like component
with an energy slightly different than that assumed by 
Einstein has recently become part of the currently favoured
cosmology, since this may explain the observed

acceleration (a’’>0) of the Universe


